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Bivariate Poisson Joint PGF (Option 1)
(Marshall & Olkin, 1985; Kocherlakota & Kocherlakota, 1992; Johnson et al., 1997)

• Trivariate reduction:

– Let 𝑋𝑖 ∼ Pois 𝜆𝑖 , 𝑖 = 1,2,3

– Let 𝑋 = 𝑋1 + 𝑋3;  𝑌 = 𝑋2 + 𝑋3



Bivariate Poisson Joint PGF (Option 2)
(Marshall & Olkin, 1985; Kocherlakota & Kocherlakota, 1992; Johnson et al., 1997)

• Compound bivariate binomial with Poisson:

– Let 𝑛∗ ∼ Pois(𝜆∗) and (𝑋, 𝑌|𝑛∗) have joint conditional 
pgf 

– Unconditional joint pgf becomes



Bivariate Poisson Joint PGF
(Marshall & Olkin, 1985; Kocherlakota & Kocherlakota, 1992; Johnson et al., 1997)

• Via trivariate reduction method:

• Via compounding method:



Bivariate Poisson PMF

• The 𝑋, 𝑌 ∼  BivPois(𝜆1, 𝜆2, 𝜆3) pmf is

• Form is attained either via trivariate reduction or 
compounding



Bivariate Poisson: Properties

• Covariance:
Cov 𝑋, 𝑌 = 𝜆3

• Correlation:

Corr 𝑋, 𝑌 =
𝜆3

(𝜆1 + 𝜆3)(𝜆2 + 𝜆3)
≥ 0

• Regression:

𝐸 𝑋 𝑌 = 𝑦 = 𝜆1 + 𝑦
𝜆3

𝜆2 + 𝜆3



Problem: Data Dispersion

• Bivariate Poisson assumes equi-dispersion in the 
random variables, but what if the data don’t 
satisfy this constraint?

– If over-dispersed, can consider bivariate negative 
binomial distribution

– What if data are under-dispersed?



Bivariate Generalized Poisson Dist.
(Famoye and Consul, 1995)

• Joint pmf:

• BGPD ⇒ BPD when 𝜉1 = 𝜉2 = 𝜉3 = 0

• Obtained via trivariate reduction method

– Let 𝑋𝑖 ∼ GP 𝜃𝑖 , 𝜉𝑖 , 𝑖 = 1,2,3

– Let 𝑋 = 𝑋1 + 𝑋3;  𝑌 = 𝑋2 + 𝑋3

• Problem when data significantly under-dispersed



Alternative: Consider Bivariate CMP

• Conway-Maxwell-Poisson (COM-Poisson or CMP) 
distribution is flexible, two-parameter count 
model allowing for data over-, equi-, or under-
dispersion

• Developing a bivariate CMP distribution should 
likewise capture data over-/under-dispersion

• First, introducing the univariate CMP distribution



COM-Poisson Distribution
(Conway and Maxwell, 1962; Shmueli et al., 2005)

• COM-Poisson (CMP) pmf for rv 𝑋:

𝑃 𝑋 = 𝑥 =
𝜆𝑥

𝑥! 𝜈𝑍(𝜆, 𝜈)
, 𝑥 = 0,1,2, …

    where 𝑍 𝜆, 𝜈 = σ𝑗=0
∞ 𝜆𝑗

𝑗! 𝜈;     𝜈 ≥ 0;    𝐸 𝑋𝜈 = 𝜆

• Special cases:

 
 

Condition(s) 𝒁(𝝀, 𝝂) Simplification Distribution

𝜈 = 1 𝑒 𝜆 Poisson(𝜆)

𝜈 = 0, 𝜆 < 1
1

1 − 𝜆
Geometric(1 − 𝜆)

𝜈 → ∞ 1 + 𝜆 Bernoulli
𝜆

1+𝜆



COM-Poisson Distribution (cont.)

• CMP(𝜆, 𝜈) where 
𝜆 = 3, and 
𝜈 ∈ {0.5,1,2,5,10}

– First image: 

    𝜆 = 0.3, 𝜈 = 0

• Distribution spread 
tightens as 𝜈 
increases
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CMP 𝜆 = 0.3, 𝜈 = 0 =
 Geom(𝑝 = 1 − 𝜆 = 0.7)

CMP 𝜆 = 3, 𝜈 → ∞ =

 Bern 𝑝 =
𝜆

1 + 𝜆
= 0.75

CMP 𝜆 = 3, 𝜈 = 1 =
 Poisson(𝜆 = 3)

𝜆 = 0.3
𝜈 = 0

𝜆 = 3
𝜈 = 0.5

𝜆 = 3
𝜈 = 1

𝜆 = 3
𝜈 = 2

𝜆 = 3
𝜈 = 10

𝜆 = 3
𝜈 = 5



COM-Poisson Distribution Properties

• Has exponential family form

ln 𝐿 𝜆, 𝜈; 𝒚 = 

𝑖=1

𝑛

𝑦𝑖 ln 𝜆 − 𝜈 

𝑖=1

𝑛

ln(𝑦𝑖!) − 𝑛 ln 𝑍(𝜆, 𝜈)

• Expected value: 

E 𝑌 = 𝜆
𝜕 ln 𝑍(𝜆, 𝜈)

𝜕𝜆
≈ 𝜆1/𝜈 −

𝜈 − 1

2𝜈

• Variance:

Var 𝑌 =
𝜕𝐸(𝑌)

𝜕 ln 𝜆
≈

1

𝜈
𝜆1/𝜈

• Approximations hold for  𝜈 ≤ 1  or  𝜆 > 10𝜈



R Computing: CMP Parametrization



Compounded BCMP Distribution
Sellers et al. (2016a)

• Derived via joint conditional bivariate binomial 
distribution (𝑋1 , 𝑋2 | 𝑛) where 𝑛 ∼  CMP(𝜆, 𝜈) denotes 
number of trials

• Joint probability:

• Special cases:

– Holgate (1964) bivariate Poisson when 𝜈 = 1

– Marshall and Olkin (1985) bivariate Bernoulli when 𝜈 → ∞

– Bivariate geometric when 𝜈 = 0, 𝜆 < 1

• R computing: multicmp (Sellers et al., 2017a)



Trivariate Reduced BCMP Distribution
Weems et al. (2021)

• Let 
𝑋1 = 𝑊1 + 𝑊12

𝑋2 = 𝑊2 + 𝑊12

    where 𝑊𝑖 ∼ CMP(𝜆𝑖 , 𝜈), and 𝑊12 ∼ CMP 𝜆12 , 𝜈

• Joint probability:

• Joint pgf:



Trivariate Reduced BCMP Distribution
Weems et al. (2021)

• Special cases:

– Holgate (1964) Bivariate Poisson (𝜈 = 1)

– trivariate reduced bivariate geometric (𝜈 = 0; 𝜆𝑖 < 1, 
𝑖 =  1, 2;  𝜆12 < 1)

– trivariate reduced bivariate Bernoulli (𝜈 → ∞) 

• Marginal special cases:

– Poisson(𝜆𝑖 + 𝜆12) when 𝜈 = 1

– sCMP(𝜆, 𝜈, 2) when 𝜆1 = 𝜆2 = 𝜆12 = 𝜆

*sCMP contains Poisson, binomial, and negative binomial distributions as special cases  
  (Sellers et al., 2017b).



Other BCMP Constructions

• Two Sarmanov constructions (Ong et al., 2021)

• First approach based on weighted Poisson 
distribution framework:

– Resulting correlation: 

• Second approach:

– Resulting correlation: 



Other BCMP Constructions
• Copulas (Ötting et al., 2021; Alqawba and Diawara, 2021) 

– Sklar’s theorem: copula function exists such that 

𝐹 𝑥1 , … , 𝑥𝑑 =  𝐶 𝐹1 𝑥1 , … , 𝐹𝑑 𝑥𝑑 ;

    in fact, the copula is unique for continuous cdfs

– Uniqueness property does not apply for discrete (e.g. 
COM-Poisson) distributions!



Other BCMP Constructions



Example: Number of NBA All-Star 
Game Forward and Center players 



Learn More About COM-Poisson?

https://www.cambridge.org/us/academic/subjects/statistics-probability/statistical-theory-and-methods/conway-maxwell-poisson-distribution?format=HB


Thank You
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