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Preliminaries

g-Preliminaries, 0 < g <1 )

@ g-Shifted factorial or g-Pochhammer symbol:

(@ q)n=J](1—aq™) (a1, mi Q)n = (01:@)n - (Cmi @)n (2 @)o = 1
i=1

@ General g-shifted factorial: (c; ¢)oo = [[io; (1 — ag'™?t)

g-Number: [x]; = %

g-Factorial of x of order k: [x]x,q = [x]g[x —1]g- - [x —k+1]q, k=1,2,...

g-Factorial of k: [k]g! = [1]q[2]q- - [K]q, kK =1,2,...
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Preliminaries

@ g-Binomial coefficient

n (9; 9)n _[nlea .
<k>q (@ D@ )k [kl K=0L

@ Basic hypergeometric series or g-hypergeometric series

> . k
a1y, st (a1,...,3s41; 9k 2
1 q.z| =
o ¢S< b by | > kz_% (br,....bsi @)k (q:9)«

@ g-Binomial formula
n - n . n _n
[T+t =40 <k> th = 1¢>o< T |q;—q”t>
i=1 k=0 q

@ Small g-exponential function

[*S) 0 k
eo(t) = [[1—t1—q)d ) = [kt]q! = 1¢0 ( Y g q)f>

i=1 k=0
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Preliminaries

g-Binomial Distribution of the 1% kind J

A. Kemp and C. Kemp (1991) defined a g-analogue of the binomial distri-
bution with probability function in the form

fc(x) = ()’Z) q(2)ox ﬁ(1+9qj_1)_1, x=0,1,...,n,
q j=1

where 0 >0, 0 < g < 1.

Heine distribution )

A. Kemp and C. Newton (1990) showed that the limit of the pf. of the
g-Binomial distribution of the 15t kind, as n — oo, is the pf. of the Heine
distribution

lim <”> () f[(l +og ) = eq(—A)q(;))\X x=0,1,...,
X/ q

n—oo [X]q! ’

for0 < A<ooand 0 < g <1 withA=60/(1-q)
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Preliminaries

Basic Hypergeometric Series )

A. Kemp introduced and studied various forms of discrete g-distributions
associated with basic hypegeometric series

Interpetation J

A. Kemp derived discrete g-distributions as stationary distributions of birth
and death processes.
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Preliminaries

Univariate Discrete g-Distributions (Charalambides, 2016) |

Univariate discrete g-distributions are based on stochastic models of se-
quences of n independent Bernoulli trials with success probability varying
geometrically, with rate g, either with the number of previous trials or with
the number of previous successes or both with the number of previous trials
and successes.
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Preliminaries

Association with basic orthogonal polynomials (A.Kyriakoussis & M.V.,
2010, 2012)

g-Binomial
Type II

Non Terminating —
g-Gauss Terminating
(Inverses: g-Gauss .
g-Hypergeometric, (g-Hypergeometric,
Negative Negative
q ic) q
R -Binomial Negative
g-Binomial 4 binon e
Typel U Type Il
Heine Euler

(a) Discrete g-Distributions

Affine
g¢-Krawtchouk

Big
g-Jacobi | | 4-Hahn

" Little
-Meixner -]

q g-Krawtchouk gJacobi

Little

g-Charlier g-Laguerre/

Wall

(b) Basic Orthogonal Polynomials
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Asymptotic Behaviour (Kyriakoussis & M.V., 2013, 2017, 2019)

Inverses:

Negative

q-Hypergeometric

q-Hypergeometric

L

Negative
g-Binomial
1% kind

\

g-Hypergeometric

Negative
g-Hypergeometric

g-Binomial
2" kind

g-Binomial peate
1 kind g-Binomial
2" kind
Euler
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Preliminaries

Univariate Absorption Distribution (A. Kemp(1998), Charalambides (2012,
2016))

Consider a sequence of independent geometric sequences of trials with prob-
ability of success at the jth geometric sequence of trials given by

pi=1—q 7 j=12,...0[r], 0<r<oo, 0<qg<1, (1)

which is a geometrically decreasing sequence of a finite number of terms.
Then the probability function of the number Y}, of successes in n indepen-
dent Bernoulli trials is given by

n —y)(r— r
fr,(y) = P(Ya=y) = (y) "IN~ q)[rlyq, ¥y =0,1,...,n,
q
(2)

for 0<r<oo, 0<g<1,and n<|[r]. This discrete g-distribution is
known as absorption distribution.
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Preliminaries

g-Mean, g-Variance )

Hg = E([Ylg) = (1 q)nlqlrle.

(0g)? = V(Y]
= (1= 9)’[nl2glrleq — (1= q)’[nlg[rlg + (1 = )lnlqlrlq-
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Preliminaries

Asymptotic Behaviour of Univariate Absorption Distribution (M.V., 2024) )

Theorem

Let g = q(n) with g(n) — 1, as n — oo, q(n)" = Q(1) and r = O(n).
Then, for n — oo, the univariate absorption distribution is approximated by
a deformed standardized Gaussian distribution as follows:

(log g~1)*/2

2
1-q (Wle—ny
f o ye _ 9 s > 0.

v
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Preliminaries

Sketch Proof

,Z:M

A
Oq

e ¢-Stirling type 0 < g < 1 (Kyriakoussis and M.V, 2013)

P ) WAL O

I7la! = (glogg™1)¥/2 T[4 (g7" = 1)¢/71) (1+0().
[nlg! = [1]g[2]q - - - [n — 1]g[n]q with [n]g = 11__2’7, n>1.

@ Pointwise convergence techniques applied to the probability function

v

Remark: Possible realizations of the sequence q := g(n)

q(n):l—%, a>0 or qg(n)=1—-1/expn.
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Preliminaries

Univariate g-Hypergeometric Distribution (A. Kemp (2005),
Charalambides (2012, 2016), Kyriakoussis & M.V.(2012))

Consider an urn containing r white balls and s white balls. Let W, be
the number of white balls drawn in n g-drawings in a g-hypergeometric
urn model, with the conditional probability of drawing a white ball at the
g-drawing, given that j — 1 white balls are drawn in the previous i — 1 g-
drawings given by
[r—j+1lq
= 3
Pi [r+s—i+1]q (3)
The distribution of the random variable W, is called g-hypergeometric dis-
tribution, with parameters n, r,s and g and its pf. is given by

q n,q

forw=0,1,2,...,n, where 0 < g <1, and r and s are positive integers.
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Preliminaries

g-Mean, g-Variance

1= Bl - P

(0d)? = V(IWalg)
2
[n]2,4lr]2, q I [n]qlrlq B ([”]q[r]q> '

[r+sl2.q [r+slq [r+ slq
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Heine Process (Kyriakoussis and M.V., 2017) J

Definition

A continuous time process {Xq(t),t > 0}, is called Heine process with
parameters g and ], if the following three assumptions hold

(a) In each time interval of length 6 = (1 — g)t, 0 < g < 1, for every
t > 0, at most one event (arrival) occurs with

M) = POl = Xolat) =) = [
ao(5) = P (Xq(t) — Xq(qt) = 0) = 1+)\(11—q)t 2> 0.

(b) In the consecutive mutually disjoint time intervals of length dp = g”t
and 0 = (1 —q)g"'t, k=1,2,...,v, t >0, v>1, correspond v + 1
independent events (arrivals).

(c) The process starts at epoch 0 with X,(0) = 0.

= = = =

Malvina Vamvakari IOn Multivariate Absorption and g-Hypergeor April 13, 2024 16 /48



Main Results Multivariate Absorption Distribution

Heine Process J

@ The random variable X, (t) expresses the number of arivals in the time
interval (0, t] and in each time interval of length 6, = (1 — q)gk~!
k=1,2,..., occurs one or zero arrival with probabilities

_ \ak—1
0n(8) = P (Xq(qk—lt) — Xq(qkt) = 1) =7 4):(;(1 i)g)qk_tlt

@ Heine process has the Heine distribution:

g ()

Pult) = P(Xo(t) = k) = eq(-A0) =

. k=0,1,2,...,

for0<g<1l, 0<A<o0.
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Main Results Multivariate Absorption Distribution

Theorem (M.V., 2020):On Heine Process and a Multivariate Basic
Absorption Distribution J

Let the Heine process {X,(t),t > 0} with parameters A and q. Then, for
th <t <---<t_1<t,=t wtht=¢" 't i=01...,v,v>1,
and 0 < ng <m <m<---n-1 < ny, nj,i =0,1,... v, nonnegative
integers, with np = k —j, 0 <j < k, and n, = k, it holds that

P (Xq(q"t) = k —j, Xq(q" 7' t) = m,..., Xq(qt) = ny—1|Xe(t) = k)

k : ; 1 :
_ — ) (k—j) juvxi+(v—1)xo++2x, _1+X —
_< q(VJ)( J)ql( )x2 V-1 u(z)(l_q)J7
XLseo s Xu—1,Xv/ 4
where X1 = hp —Ng, X0 = Np — Ny...,. Xp—1 = Ny_1 — Ny_2,Xy = k —
n,_1,x=0,1,i=1,2,...,v,x0 = ng = k—jand xy+xo+- - -+x,_1+Xx, =

Ziyzl Xj = J.
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Main Results Multivariate Absorption Distribution

Multivariate Basic Absorpion Disitribution (M.V., 2020) J

Definition
Let the discrete vth-variate random variable (X1, Xo, ..., X,) with probabil-
ity function

k Vs
f,(x1, %0, ..., %) = <x1 % x> gV 2im X (k=i xi)
) 9 b 1 q

S () g s

where x; = 0,1,7i = 1,2,...,v, with 0 < > 7 ,x < k, k non-
negative integer. The distribution of the wth-variate random variable
(X1, X2, ..., Xy—1,X,) is called basic multivariate absorption distribution

with parameters k and q.

v

Malvina Vamvakari IOn Multivariate Absorption and g-Hypergeor April 13, 2024 19 /48



Main Results Multivariate Absorption Distribution

Multivariate Absorption Distribution (M.V., 2020) ]
Theorem
Let the discrete vth-variate random vector X = (X1,Xa,...,X,) be

distributed according to the basic multivariate absorption distribution.

Then the probability function of the m-variate random vector Y =
. Vi

(Y1,Y2,.., Ym), with Yy =300 Xy iy 1 = S Jl/,,j 1,2,...,m,

v=>y ", viandvj,i =1...,m nonnegative integers, is given by

k m
fy(yi,y2,---, =< )CI”y’ 1—q)Y(v))y,
(v1, Y. Ym) Yoy JHI i)yia

Where)/j:()?la'-'akrj:l 2 » M, Wlthz < k andzj E’ Jy”
_)/O:k_zl-

v
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Main Results Multivariate Absorption Distribution

Multivariate Absorption Distribution (M.V., 2020) )
Definition
Let the m-variate random vector Y = (Y1, Y2,..., Ym), with probability
function
k m
fY 1y Y2y ey = < > lyj 4
(11, Ym) Vi, Y2s - - Yim q 11:[1 Y ¥jly;.q

wherey; =0,1,...,k, j= 1,2,...,m,withzjm:1yj < k,andzj:Z,f":jy,-,
Yo=k—zi, 5 =>" v, j=12....mv=3"vand v,i =
1..., m nonnegative integers, k < v. The distribution of the m-variate
random vector Y = (Y1, Y2, ..., Ym—1, Ym) is called multivariate absorption
distribution with parameters k and q.
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Main Results Multivariate g-Hypergeometric Distribution

Multivariate g-Hypergeonetric Distribution (M.V., 2020) J

Corollary

Let the discrete v—variate random vector X = (X1, Xa,...,X,) be dis-
tributed according to the basic multivaviate absorption distribution and
consider the m-vaviate random vector Y = (Y1, Y2,...,Ym), with Y; =
Z?:l Xo—ritiy 1 = > v i =12...,m Then the conditional proba-
bility function of Y = (Y1, Ya,..., Ym), given Yo = k — EJ'"ZI Y;, is given
by

fY‘Yo ((.ylay2a R 7}/m—1)’)/0)

m
= ( kK=o ) qzjm:_ll)’j(’j+1*2j+1)7nj:1[yj]yj’q
Yi, Y255 Ym-1 [V]kfyo,q

)
where y; =0,1,2,...,k, j=1,2,...,m—1, with ZJ 1Y < k—yo, and
m m—1
=3 ym=k—yo— 211 -
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Main Results Multivariate g-Hypergeometric Distribution

Multivariate g-Hypergeometric Distribution (M.V., 2020)

Definition
Let a discrete (m — 1)-variate random variable W = (Wy, W5, ..
with joint probability function

fw (Wi, wo, ..., Wm_1)

= ( ) > CIZJ 1 wil G+1—51+1)HJ 1[VJ]Wf’q
wiy, w2, Wm—1

[V]nq

where Wm:n—zj";le-, wj =0,1,...,n, n>0,j=12,...,

=

multivariate discrete random variable (Wi, Wa, ..., Wp_1) is called multi-
, Um and

variate q-Hypergeometric distribution with parameters n,vy, vz, . ..
q.

©y Wm—l)

m—1,
with Z;’;l wj <nandv= ij_l vj with v, 10,. .., vy nonnegative inte-
gers; also it is set rj = > vy and 5 = 31w, The distribution of the

Malvina Vamvakari IOn Multivariate Absorption and g-Hypergeon April 13, 2024
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Main Results Multivariate g-Hypergeometric Distribution

Multivariate Discrete g-Distributions (Charalambides, 2021, 2022, 2023) J

Multivariate discrete g-distributions are based on stochastic models of se-
quences of n independent Bernoulli trials with chain-composite successes,
where the odds of success of a certain kind at a trial is assumed to vary
geometrically, with rate g, with the number of previous trials or with the
number of previous successes or both with the number of previous trials and
successes.
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Main Results Multivariate g-Hypergeometric Distribution

Multivariate Absorption Distribution ( Charalambides, 2022) )

Joint probability function of the random vector Y = (Y1, Ya,..., Yk):

f(y1, Y2, - yk) = P(Yi=y1,Ya=y2,. .., Yk = y«)
K

= n S (n—s;)(mj—y;) Vil o,
q— 1— q j g
<y1,y2,...,yk>q 11:11( Yimjly; q

y;j=0,1,2,...,n, Jlle)/jgn,sjzzjl:zly;, 0<mj<oo, 0<qg<l,
n<[mj,j=12,... k.
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Main Results Multivariate g-Hypergeometric Distribution

Multivariate g-Hypergeometric Distribution ( Charalambides, 2022) J

Joint probability function of a random vector W = (Wq, Wa, ..., W) :

(wi,wa, ... wi) = P(Wh = wy, Wo = wa, ..., Wi = wy)

k+lp,
_ ( n ) qu:1("—5j)(Vj—V'/j)Hf:1 [Vl 4
Wi, W2, ..., Wk q [V]n,q
. . k
wj = 0,1,2,...,n, j = 0,1,2,...,k, with Ej:lnj < n, where wy, =
n— Zj-‘zl wj,v = J’-‘;Lll vj, sj = >4_1wi, 0 < g <1, and n < [y,

j=1,2,... k.
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Main Results Asymptotic Behaviour

Asymptotic Behaviour of Bivariate Absorption Distribution (M.V., 2024) )

Let the discrete bivariate random variable (Y1, Y2) with joint probability
function

fvi,va(y1, ¥2)

n I .
— <y1 y2> (1-— q))/1+y2q(v yi—y2)(n—y yz)qh( 2 yz)[Vl]yl,q[V2]y2,q>
d q

where y; = 1,2,...,n, j = 1,2, with y1 +y» < n, and v = v1 + 1, 11,19
nonnegative integers.
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Marginal probability function of Y5: Univariate Absorption

The marginal probability function of the random variable Y5, is distributed
according to the univariate absorption distribution with probability function

n

fr,(y2) = <

> (1— q)YQq(VQ—yz)(”—}Q)[y2]y2’q’ v =0,1,2,...,n,
Y2/ q

for0<g<1andn<uw.

g-Mean, g-Variance
tysl, = E([Yalq) = (1 —g)[n]qlraq

(o1v,1,)? = V([Yalg)
= (1-q)’[nfaglreleq — (1 — q)?[nf[valg + (1 — g)[nlq[ralq )
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Marginal probability function of Y7: Not Univariate Absorption

@ g-mean and g variance of random variable Y7 cannot be inferred from
the corresponding g-moments of the univariate absorption distribution

@ g-mean and g-variance cannot be found explicitly either directly or
indirectly
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Distribution of the conditional random variable Y1|Y2: Univariate
Absorption

The conditional random variable Y7|Y>, is distributed according to the
univariate absorption distribution with probability function

n—y: vi— n—y;—
fyl|y2(y1|y2>=( y 2) (1— qpigt s,
q

=012 ....n—y 0<qg<l n—y <.

Malvina Vamvakari IOn Multivariate Absorption and g-Hypergeor April 13, 2024 30/48



Conditional g-Mean, g-Variance

Conditional mean and conditional variance of the deformed variable [Y1],
given Yy = yo:

tvialys = E([Milgly2) = (1 = q)[n — yalq[ila,
(U[Y1]q|yz)2 = V([Yl]Q|)/2)

= (-9 (In— yalaglvalag — [n = y2lglnlg)
+(1 = q)ln — yolq[valg.

Note

Conditional g-Mean: g-Regression Curve
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Main Results Asymptotic Behaviour

Asymptotic Behaviour of Bivariate Absorption Distribution (M.V., 2024) J

Theorem

Let g = q(n) with g(n) — 1, as n — oo, q(n)" = Q(1) and v; = O(n), i =
1,2. Then, for n — oo, the bivariate absorption distribution is approximated
by a deformed bivariate standardized Gaussian distribution as follows:

-1
o log g q}/1 +y2

27T(1 - q)U[Yzqu[Yl]q| Y2

2 2
1-—g [valg — Kyl ilg = #ivagelve
cexp | — — + )
2logq O1Yalq Ivilql Y2

y1,y2 > 0.

v, v, (y1, y2)
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Sketch Proof
o 7 — [Yalg—£[vylg
IYalg

o W = [Vilo—£vi1g1va
Iv1lglY2

e g-Stirling type
@ Pointwise convergence techniques applied to the joint probability
function
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Asymptotic Behaviour of Multivariate Absorption Disitribution (M.V.,
2020) J

Marginal probability function of Yj: Univariate Absorption

Marginal probability functions of Y;, i=1,..., k—1, k > 2: Not
Univariate Absorptions

g-means and g-variances of random variables Y;, i=1,... . k—1, k> 2
cannot be found

Distributions of the conditional r.vs
kal‘ Yo, Yk72’(yk717 Yk), ce Y1|(Y27 R Yk)i Univariate Absorptions
Conditional g-means, g-variances:

BIYi_11ql Yier BIYi—2lal(Ye—1,Ye) 2 = = s B[ Yalgl(Y2yeey Yi)

2 2 2
TYi—1lal Vi O Vi—2lal(Yee1,Yi) -2 O [YValgl (Y2, Vi)
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Main Results Asymptotic Behaviour

The mean and the variance of the deformed variable [Y)], are given by

Hivide = E([Yk]q) =(1- Q)[”]q[mk]q
and (5)
(011 = V([Yida)

= q(1- Q)2[”]k7q[mk]2,q
—(1 = @[5 [mil3 + (1 = q)[nlg[milq,
respectively.

The conditional mean and the conditional variance of the deformed variable
[Yik—1lq given Yi = y are given by

B ddalye = E([Yi-ilglyk) = (L = q)[n — yklg[mi—1lq
and
(O-[kallqun,k)2 = V([Yk—l]q’)/k)

= q(1—9)’[n — wl2.qlMk-1]2,g
—(1 = q)*[n = yil2[mi—1l5 + (1 = q)[n — yi]q[mi-1lq,

respectively.
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Main Results Asymptotic Behaviour

The conditional mean and conditional variance of the deformed variables
[Yilg given Yit1 = yjq1,- s Yk =Y, j=1,..., k=1, k> 2, are given
respectively by

'u[Y']q|(Yj+1,Yj+2,...,Yk) = E([Vilal (41, Y25 -+ Vi)

(1-q H—Zy, [mjla;

i=j+1

2 — . . .
Tl (Vi Vyszey) = Vilal O 32, ¥i))
2

k k
=q(1—q)° |n= > yi| Imhe—0—a?|n=>_ | [m
=+, =+ |,
k
+(1—gq) |n— Z il Imilg.
i=j+1

q
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Note J

The conditional g-means, M[Yj]q|(yj+17Yn,j+27~-- Yi)" 1<j<k—2,k>3, can

be interpreted as g-regression hyperplanes.
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(\VEILMCHTISN  Asymptotic Behaviour

Asymptotic Behaviour of Multivariate Absorption Distribution J
Theorem

Let g = q(n) with q(n) — 1, as n — oo, q(n)" = Q(1) and m; = O(n),j =

1,2,..., k. Then, for n — oo, the multivariate absorption distribution is

approximated by a deformed multivariate standardized Gaussian distribution
as follows:
log g1 G

k/2
_ k
2m(1 q)) 1vida L= 01, lal(%0e)

oo | 179 Ivelg — v, \ 2 N zk: i—1la = 2y gl (Vv \
P 2logq ) ’

T = Y lql (Yoo i

o (y1s yos -y yk) = (

v >0,j=12,... k
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Sketch Proof

o Z, = Doty
91Ylq
[Y]q H
[Yilql s .Y i
OZJ-_ q(/+1 42 k):le,--.,k—l,k22
710l (Y1 Yaja Vi)

@ g-Stirling type

i

@ Pointwise convergence techniques applied to the joint probability
function
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Asymptotic Behaviour of Multivariate g-Hypergeometric Disitribution J

Theorem
Let g = q(n) with g(n) — 1, as n — oo, q(n)" = Q(1) and v = O(n).
Then, for n — oo, the multivariate q-Hypergeometric distribution is ap-

proximated by a deformed multivariate standardized Gaussian distribution
as follows:

v )= ( e )W o
w Wy, Wo, ..., W)= —
2r(a = 1)) oy, T oty (e s W)

exp 1—q [ ([mle — pwy, 2+zk: [Wla = mwggws, oy \
2log g ’

O—[WI]Q j=2 O-[M/j]q‘(le"'vvvjfl)

w;>0,j=1,2... kk>2

Malvina Vamvakari IOn Multivariate Absorption and g-Hypergeor April 13, 2024 40/48



Example: Absorption Process (Kemp (1998), Charalambides (2012, 2016))
1 2 3 - K /
[elefof---fe] [.-] |
[ lefel--Jefef... [ |

1 I —
L]
Propulsion
1 - r I — kK
(o] e[ ]
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(\VEILMCHTISN  Asymptotic Behaviour

Propulsion without Absorption

1 2 3 -+ K /

[elefef---fef [ ]|

Conditional probability of an absorption of a batch of k particles, given that j — 1

absorptions occur: pj =1 — gVt j=1,2,....
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Main Results Asymptotic Behaviour

pi=1—q ) j=12 .. [, I=(r+1)k—1

@ Y: number of absorbed batches of x particles, when n batches are
propelled into the chamber of / consecutive cells.

Distribution of the r.v. Y: Absorption with parameter g”.

@ The continuous limit of the probability function of Y, for g = ¢g(n),
with g(n) — 1, as n — oo, q(n)™ = Q(1) and r = O(n), is the
deformed standardized Gaussian distribution, with g = g".
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Example: Multivariate Absorption Process (M.V., 2024)
Chamber ¢; with /; lined cells, j =1,2,...,k

1 2 3 -« s I

[ofofel---fof [...] |
FaiI of jth kind

Success of the jth kind
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Main Results Asymptotic Behaviour

@ from ¢; chamber

1 2 i —s+1 l
L LT o [--Jefe]
1 2 3 s h
[ofefef-Jof [...] |

Conditional probability of an absorption of the jth kind of a batch of s particles, given
that i — 1 absorptions of the jth kind occur:
pi=1-q " i=1,2,... [, j=12.. .k
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Main Results Asymptotic Behaviour

o pi=1—gm=HY i=12 . [m]li=(m+1)s-1,j=
1,2,...k

@ Y;: number of absorbed batches of s particles of the jth kind, when n
batches are propelled into the chamber ¢; of /; cells, j =1,2,... k

@ Distribution of the r.v. Y = (Y1, Ya,..., Yk): Multivariate absorption
with parameter g°.

@ The continuous limit of the joint probability function of the random
variables Y;,j = 1,2,...,k for g = q(n), with g(n) — 1, as n —
00, q(n)™ = Q(1) and m; = O(n),j = 1,2,...,k is the deformed
multivariate standardized Gaussian distribution, with g = g°.
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