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1. Introduction

In this talk a convolution of Poisson distribution and Pélya-Aeppli
distribution is analyzed. The resulting distribution is called a
Noncentral Pélya-Aeppli distribution.

Suppose that the nonnegative random variable Z3 with a given
parameter A3 has a Poisson distribution, i.e.,

,D(Z3:i|)\3):i—|3€_)‘3, i=0,1,.... (1)

where A3 > 0 and we use the notation Z3 ~ Po(\3). It is known
that E(Z3) = Val”(Zg,) = A3.
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2. Univariate Noncentral Pélya-Aeppli distribution

The mean and the variance of Z; are given by

A
B(a) =1 —1/)
and
A1(l+p
Var(Zl) = (1( ,0)2)
The Fisher index is 1+
Fi(z) = 1 Z

The Pdlya-Aeppli distribution is a compound Poisson with
geometric compounding distribution and it is analyzed in Minkova
(2002) [4].
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2.1. Probability generating function

The Noncentral Pélya-Aeppli distribution is a sum of independent
Pélya-Aeppli distribution and Poisson distribution, i.e.,

M = Zy + Z3, where Z; and Z3 are independent random variables.
Then the probability generating function (PGF) of the random
variable M is given by

\UN(S) = ef)‘l(]-*’l//'l(s))e*)\3(175)7 (2)
where , :
_(A—p)s
hils) = p (3)

is the PGF of the geometric distribution, Ge;(1 — p).

Definition

The random variable M, defined by the PGF (2), has a Noncentral
Pdlya-Aeppli distribution (NPAD).
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2.2. Probability mass function

In 1979 Ong and Lee defined the Noncentral negative binomial
distribution, [8]. It is the distribution of a sum of two independent
variables. The first variable has a Negative binomial distribution
and the second one is Pélya-Aeppli distributed. This was our
motivation to name the resulting distribution Non-central
Pélya-Aeppli distribution.
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2.2. Probability mass function

The probability mass function (PMF) of the Noncentral
Pélya-Aeppli distribution is given by

P(M = i)

e~(atrs) - j—0

_ i () i—13\ [M(1—p)F - Y
—{ o(itr3) Zj:1% - ({(_11)[ 1(k!p)] Pk 4 28]
i=12,...,

(4)
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2.2. Probability mass function

Proposition

Denote by p; = P(M =), i=0,1,....
Then the PMF of the Univariate Noncentral Pélya-Aeppli
distribution satisfies the following recursions:

= [M1(1 = p) + As]lpo, where pg= e~ (M1+X3) and for
i=1,2,...

i—1
AM(l—p)+ A _
Pi+1:[1( I+1 3] I+/\ |: :|,0 Jp_/

FO
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The mean and the variance of the Univariate Noncentral
Pélya-Aeppli distribution are given by:

E(M) = <1A_1p +>\3> and Var(M) — <)\1(11j£2 +>\3)

For the Fisher index we obtain:

_ A= p)P (14 p)
M) = 0 s — ) + ]
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It is easy to check that:
2M1p + A3(1 — p)
(1=p)As(1 = p) +M]’

i.e., NPAD is over-dispersed related to a Poisson distribution
and

FI(M) =1+

_1+p 2X\3p 1+p
1—p M1-p)+MN 1-—p

i.e., NPAD is under-dispersed related to Pdlya-Aeppli distribution.

FI(M)
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3. Bivariate Noncentral Pélya-Aeppli distribution

Let Z1, Z> and Z3 are independent variables. Suppose that

Z;, 1 = 1,2 are Pélya-Aeppli distributed with parameters \; and
Piy, i.€, Zi ~ PA(Xj, pi). The random variable Z3 has a Poisson
distribution with parameters A3, i.e Z3 ~ Po(\3).

Let us also define the random variables:

M221+Z3 and N:Z2+Z3.
It is clear that:

M ~ NPA(/\l + A3, ,01) and N ~ NPA()\Q + /\3,p2).

Meglena Lazarova Bivariate Noncentral Pélya-Aeppli Distribution



3.1. Joint Probability generating function

The Joint PGF of (M, N) is given by:
_ (1—p1)s: (1—p2)s
b(st, ) =e T G0l -2 (1- G222 -2 (1-51%) (5)
where

1— 1—
onto) = 0 and o) = (=02

are the PGF-s of the compounding distribution given in (3).

Definition

The probability of (M, N) corresponding to (5) is referred to as a
Bivariate Noncentral Pélya-Aeppli distribution, i.e.,
BivNPA(A1, A2, A3, p1, p2).
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3.2. Joint Probability mass function

Denote by f(i,j) = P(M =i,N =), i,j=0,1,... the Joint PMF
of (M, N).

Then the following proposition gives an extension of the Panjer
recursion formulas; see [9].
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The PMF of the BivPA(A1, A2, A3, p1, p2) distribution satisfies the
following recursions:

i+ 1) = [2p1 + S22 (7, ) = 931 — 2)FG = L)

A% [F(i,j—1) = 2p1f(i — 1,j = 1) + p3f(i — 2,j — 1)] ,
(irj +1) = [200 + 822202022 | £ ) — p3(1 - 20)F (i, — 1)

+245 [Fi = 1,)) = 2p2f (i = 1,j = 1) + p3f(i = 1,j = 2)] ,
(6)

with f(—1,0) =0, f(0,—1) =0 and i,j =0,1,...

’
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The PMF of the BivPA(A1, A2, A3, p1, p2) distribution is given by:

F(i,0) = S0, ((ThyRaledl” pimmp(g 0y, j=1,2,...,

f(O,j) _ JI': (_,_1) [)\2(1 pz)]fpj f(O 0) j=12,...,

F(i,J) : /
= (S (e ) (57, (o Dol )

A3) i—k — A1(1— moj—k—
+ZI/\J ( 3I Zi‘n:O (iflkilm)[ 4 m!pl)] ,01 fom

X J/g( —k— /)Mﬂ’ = I] (0’0)7 i?j:1727"'7
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Moments of the Bivariate Noncentral Pélya-Aeppli

distribution

For the means of M and N we obtain:

and

Bivariate Noncentral Pélya-Aeppli Distribution

Meglena Lazarova



The variances of M and N are:

A 2
Var(M) = A3 + lp (1 + A )
1

and

A 2
Var(N) = A3 + —22 <1+ P2 )
1—po
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The product moment of M and N is given by

A A
E(MN) = X3 + <)\3—|— ! ) ()\34‘ 2 >
I-pm 1—p2

which readily yield to the covariance between M and N to be

Cov(M,N) = A3
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The correlation coefficient:

Corr(M, N)

A3(1—p1)(1—p2)
\/[)\3 (L= o2 + 2 (L )] s (1= )2 + 20 (14 p2)]

When p1 = p» = 0 the PMF of the Noncentral Pélya-Aeppli
distribution coincides to the bivariate Poisson distribution.
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Thank you for your kind attention !
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